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Enrichment Topic A &

(Special sine and cosine limits)

Demonstrate that the following limit is true:

sin(x) 1

lim
x—0 X
Begin with the infinite series expansion definition for sin(Xraq):

x3 x° x’

Sin(Xpaq) = X—§+E—ﬁ+
For very small x, sin(x) = x.
wm S _ =
‘_ﬁ_’ﬂ 7= / —j%(ﬂ\_m

=0 g Ktiiﬂl

Demonstrate that the following limit is true:

1—cos (x
lim 225 ® _
x—0 X

Begin with the infinite series expansion definition for cos(xaq):

x% x* x°

coS(Xpaq) = 1_Z+Z_E+

For very small x, cos(x) = 1- x*/2!
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Enrichment Topic B &

(Formal definition of continuity)

Continuity at a point x = a: A function f(x) is continuous at x = g if:
(1) f(a)exists,
(2) lim f(x) exists,and

X—a

3) limfG) = f(a)

Example 1: Draw an example of a function in which (1) is violated at x = a but is

otherwise continuous. AF
" fayeonE
/ - >
7 a 7

Example 2: Draw an example of a function in which (2) is violated at x = a but is
otherwise continuous. FA

ST
] )im £6) ~» O N E.

X+a

Example 3: Draw an example of a function in which (3) is violated at x = a but is

otherwise continuous.
/im # fa)\
->»q
//:\ 4

e N\
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Enrichment Topic C &

Verification of the power rule

Power rule:
f(x) =x"

-1 .y . .
(x) = nx" ;where n can be a positive integer, a negative
integer, or fractional

To derive this rule we use the fundamental definition of the derivative and
expand (x + Ax)" with a binomial expansion:

f(x + Ax) — f(x)
AXS0 Ax

LM Flt) =T _ pon (Al — 2
Ax—ro Ax ~ Axvo Ax

- |
o 2 1 X g D X AR F i) 07T
T Azre AZ

w/u) - 0=l
i (" B XRN Y A THAY) )
T Az=0 A

= JiX (—:nx“"’-+ (er/ ve Maln | 1p ters fave A;tb)
=

— | nx -
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Enrichment Topic D &

(Derivation of product & quotient rules)

Product rule:
If f(x) = u(x) v(x), then

f(x)=u:-v +v-u’

To derive this rule we use the fundamental definition of the derivative
and add 0 in the form of —u(x + Ax) v(x) + u(x + Ax) v(x):

/ 18
£ =/ ;{_’_ﬂﬁ‘{mizl &

— /i S Wxtax) = Ux) V&)
Aw-ra AX

— Jim U{XM,XFV(Z?MJ = ulx+a9 ﬁuuw@wﬁ L&) VEx)
T Ay—=O

= Jon 4 ulera) [V — \tx)_]j- veofuta+ar) —oke)]

VL) =V, U+ -0
“@Xgﬁ/ D) 4 o P
vid

vy V&Y + V)

I
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Quotient rule:
v-u —u-v
u ! —
If f(x) = — then F()=—3

To derive this rule we use the fundamental definition of the derivative,
clear the complex fraction, and then add 0 in the form of
—u(x)-v(x) + u(x)-v(x):

Y 0G)
Flz fm VOAAD ™ Ny VOAAR V)
Ax-ro ax N BN

= /im U (4% VL) — e V{x-ﬁzx&")
Ay=0  Ax V(ZFE) V(X

,5‘\

— Afwmwz} SO VO = up v e+ 0le) Vi)
AX AX N (2442 N{7)

VOEAX) =U &y — (00 VO =V (0

Ax>0 N (xtax)y VIX)
QX Hx ) ~V(X)
K%Mu@ Vi) - UM

U o V(1 +Ax) VS

Vir) Uiy = NGRS
[ves] -
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Enrichment Topic E &

(Derivative of sine and cosine)

To derive f(x) = sin(x) we use the following four items:

. f&x+Ax) = f(x)

fx) = lim Ax

e sin(A + B) =sin(A) cos(B) + sin(B) cos(A)

in(0
* lim sin(6) =1
0-0 0
° 1 —cos (0)
lim —— =
0-0 0

(The last two items are from Enrichment topic A.)

'Fl?-’j = sinlx|
Fory = Jrwm o+ ax) —fd
Ax—=o AX
— Jim _Sinlxtax) —smlx)
Azere Ax

— o SN CosY FSINBY o0 — 5 in)
Ax -0 DX

/
— /i Sind\lco o/ coayxX\ 5/
= [ A&L{J%ﬁzf_;.ﬁq

= b peosp) =[cosr)]
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To derive f(x) = cos(x) we use the following four items:

fx + Ax) — f(x)
Ax

o= fm,

cos(A + B) = cos(A) cos(B) —sin(A) sin(B)

" sin(6)
650 0
1 —cos (0)

oy~ = 0

(The last two items are from Enrichment topic A.)

fay=cos(x)
_ (x+ax) = T&)
Fly= fion L0

.a.,r-rﬁ

Ry [2HAX
ﬁ ", cost M} cos (%)

= ﬂ'ﬁ{ cogpd cosdr) — Sixd) singx) — cos]
AX

l
HA;{ cmﬁ}(mﬁkﬂ/ﬂ /m{ S 5%5

— O = 3nlx) =|—=5/x(x)
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Enrichment Topic F &

(Verification of the Chain Rule)

The Chain Rule:
If y = f( g(x) ) and both f(x) and g(x) are differentiable, then:

y' =f'(g(x)) g’(x)

= /im f % a5 Ax¥ P8, Aj-"ﬂ'ﬁ
.d,x*;f.?

= ng-a-c:: A{% Ud;&a gx]

- G I

The astute observer may have noticed a flaw in the above “proof”. A
change in x (called Ax) induces a change in g (called Ag) which in turn
causes a change in y (called Ay). Notice that Ag appears in the
denominator and if it is zero, the proof fails.

The proof is not rigorous since we must consider the possibility of g not
changing (Ag = 0) as x changes. Fortunately the rule prevails under
more rigorous scrutiny. However, for most beginning students the
above “proof” is sufficient.
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Enrichment Topic G

Verification of

exponential derivatives

d
Show that ——a" =a"ln(a)—:
dx dx

Begin with y = a" (u is a function of x)

/7{75: %u) Take /1 oF botth s &des,
/115 = @)

y = v/ (@) Take deru WAL X
g’:j v' nla)

3} — q“l'.j’ f’“q

%: d”fﬂ@)%;

www.bluepelicanmath.com



Enrichment Topic H_teacher, page 1

Enrichment Topic H &

Verification of
logarithm derivatives

d 1
Show that &logax = ;logae

o | _ log,(x + Ax) — log,(x)
Begin with _logax = lim AX
£'= /im /"*'79“{ 2 3
Ax ==
_ o _Lon(1* )
- x-rr.{j v d.x

A
- f";ﬂ*p ,;:( /g-;rgz’* A\ mu/f;,a\/yéj

X

5 JimoFthls
isoe b
d:-h‘m'gfﬁ

bl

S
o
&

Using the chainv rule for taking the derivative of o
function of afunction we get :

ﬁ; /094 (V) = 5~ /094 ;3
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Enrichment Topic | &

Verification of inverse trig
function derivatives

Begin withy =Sin"'(x) -n/2<y<m/2
A=
/ = CQ}'@)&I ta ke Jerv Wi 12 X
= 2 Sinty reos’y=|
(--_—-__-"“‘C-dﬁ =4/ /- 51'.?":'3’/
J my + ﬂ'é:-’ﬁf’ oF

?unai'h??i' fes rictioy

3‘: ] on Jf'

in(j‘g w Hte in "ﬁej».jar" trp FolfMm

Show that %arCCOS(X) S =
Begin withy =Cos™'(x) O<y<m

X = cos(yy write in ‘}e?uh.p-"fr:‘; o+ I

} = -5;,%7)3’ takederv wint, X

1 55&?4.:;:5‘3: /

SiH
_‘!'f*"“-—-_____ 5'}11‘;»:/,]!_@5?'3
f2 2 of
VZeer™y Euqujis HHictiou
e 1 on 4.
J/- =
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d 1
Show that g arctan(x) = 7——

Begin with y = Tan *(x)

—-n/2<y<m/2
1" 72
= .sm My

- SE@\ . __5&:25 = .ﬂ"+z‘ﬂ-44:7

§= /:‘vfaw
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Enrichment Topic J &

An argument in support of
the Fundamental Theorem of Calculus

Consider the following functions from physics:
position s(t), velocity v(t), and acceleration a(t)

The derivative of s(t) produces v(t) and the derivative of v(t) produces
a(t).

Similarly, integrating a(t) produces v(t) and integrating v(t) produces
s(t).

Now consider this specific displacement function s(t) and its derivative
over the time interval [2 sec, 5 sec]:

s(t) = (3t* + 4) meters
s’(t) = v(t) = 6t meters/sec

The net displacement in this interval is simply the difference in
displacement att =2 secand t =5 sec.

disp =s(5) —s(2) = 3(5)%+ 4—(3(2)*+4) = 63 meters

— 3.5 3y (3224 )= 79— /4 =| 63> meters

. . . 5 .
Notice that the area under the velocity curve given by fz 6t dtis

V)= et
T A= (btde = I8P (-2)
3ol-— ——>
~ =| 67
/L F__.:Q\\: .
2 5 z
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Finally, notice these two answers are the same. Therefore, the meaning
of this definite integral is the accumulated distance traveled during the
time interval:

5
J v(t)dt = s(5) — s(2)
2

Generalizing from this we have the Fundamental Theorem of Calculus:

If f(x) is continuous over [a,b], differentiable in (a,b), and
F'(x) = f(x) then:

b
J f(x)dx = F(b) — F(a)

Example: Evaluate ffl 2t%dt.

s 7 3 4« J i
2t — o |T _ g4 af-iy
,Sr:l 3 \!_ 3 3
= 3 (cu )
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Enrichment Topic K &

Why the absolute value
for the integral of 1/x?

. . du ., . . .
When integrating f;u it is customary to write the solution as In|u| +C.

Why the absolute value? Superficially, it seems to be an easy answer,
“Because it’s illegal to take the logarithm of a negative number.”

Probing a little deeper, let’s take a closer look at the reverse of this
process... taking the derivative of f(x) = In(x).

First, assuming that x > 0, find the derivative of f(x) = In(x):

ﬁ[-i(ﬁr(@]) = “;if which implies: j—%zd;( :,éttdl‘} +C

Now assume that x < 0 and find the derivative of f(x) = In(—x) (Notice we
must use —x here so that we are taking the log of a positive number.):

ﬁ%(ﬁt(—zﬁ: -x'( f :-'/? which implies: f—% cﬁ}: _—,&1[-25 +C

Surprisingly, the two derivatives above are the same. So what are we to

1
do when we must integrate f; dx and x could be any value, positive or

negative? Both answer above ( In(x) when x>0 and In(—x) whenx<0)
can equivalently written as In|x].

So in general we write:

—=In|u]| +c
u
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Enrichment Topic L &

(Partial Fractions)

The technique of “partial fractions” is the process of decomposing a
given rational expression into a sum of fractions with denominators of
lower degree. For example,

x—11 2 3
2x24+5x—3 x+3 2x—1

The virtue in doing this is that the two fractions on the right are easier
to handle than is the larger and more complex one on the left. As a
specific example, integrating the fraction on the left is difficult whereas
the two fractions on the right are each easy to integrate. . . they both
produce natural logs.

There are four different cases to consider depending on the degree of
factors of the denominator and their repetition:

Case 1: When the denominator can be resolved into real linear factors,
all of which are distinct. . . see Example 1.

Case 2: When the denominator can be resolved into real linear factors,
some of which are repeated. . . see Example 2.

Case 3: When the denominator contains at least one quadratic factor
but no repeated quadratic factor. . . see Example 3.

Case 4. When the denominator contains at least one repeated
guadratic factor. . . see Example 4.

www.bluepelicanmath.com




Enrichment Topic L_teacher, page 2

x?-3x+6
(x—1)(3—2x)(x+1)

Example 1: (case 1) Resolve into partial fractions.

X==3x +6 . / _ B e
e NG-20EHY) — Kol 3-ak t HA

—  AG-20)(x#t) + Bx-Dlerr) +Cl=1)6-2x)
&=1)(3-2x) ( ¥#/

Expand and coflect |ike powers

| 1 ' |
[X*=3% +¢  _ (-amB-3) ¥4 (Ris) Xt GA--3¢)
(x=1)(3-2)#) ( 1"0(3-150 (x+()
-RA +B -2¢C =1
A +5C =-3 P’: f
3 —-B —3C =¢& B-C;?:,.;
YE3%+6 2 3 -

x-)G-&H) = | %=1 S3xx T %4
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Example 2: (case 2) Resol 1x -6 x° into partial fracti
Xxample Z: (Case esolve INTO partial Tractions.
P (x+2)(x—2)z "OP

Hx-6-2" _ A , B, _c¢C
) (x-2)L ~ xiz -2 7 ()
= Alx-2)" +E(x+2)-2) + (x+3)

(x+2) (x-2)*

£y pandd and collect /ife Jewerls

! : |
M=% _ CAJ:B)XL-J-(-M L)X +(4A ~4R +2¢)

(x+2y (X-N-~ (X+42) ( X-2)*
A +B = - —
KA ~#B +2C= 6 c =3
Jx-&-x* | -2 4 / P
@+yK-2)" 7| ¥+2 X—2 x-2)*
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x%+2x —2
(x—2)(x%+x+1)

Example 3: (case 3) Resolve into partial fractions.

KHax-2 A Bx+c
(- (x#x+1)y = A-2 Xt X £

_ _ A(x+x N+ B2+ ¥ —R)
N (v —2)( x*+ % +1)
E ypand and collect /ike powers

X% 2% -2 — 1Aig)x1+(ﬂ~25+£5x+é9-’ld
(-2 %X +1) (X~2) (X4 +1)
A +B = | A= &7
A2l +C = 2 B= /7
A -2 = =2 il !&/7
Xrax—a | &y, (/DX A+
Go-2) (xx+1) T | X2 YR+ X+
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Example 4: (case 4) Resol ot into partial fracti
Xxample 4: (Case esolve INTO partial Tractions.
P x(x2%+ x—1)? P

ol
'ZA’(?C-I-I'L - JQ-*BI-FC _‘_DX.FE
X (X 4y~ I S (x*+x-1)*
!:Mch'mj a commen denem,

— A B (XM ) +OXHELX
x (X +x-1)*
E ypand axd coflect lite poweds

_ (ABIXF + (RAFB 4\ + (- ~BHCADIVXH(-2A-C +E)X +A
X (X x-t)

jE?f' (:.afﬁ of Jfk'E/OﬁLLJEFF Qz,_;a [ﬂ'ﬁef;

A +6 = f
2A +B +C =D A‘;f
A -B+C ) = Bg_a
~2A A +E =0 5: Z
A% = E =D

X7 =x*+| / —2 2 X
=L +
¥(xx-IY | X T *
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Before resolving a rational expression into partial fractions always make
sure the rational expression is a “proper rational expression”
(numerator is of less degree than the denominator). If not, divide.

Example 5: Divide so as to produce a “mixed expression” whose fractional part is
in proper rational form:

X3+ 2x%2—-2x+2

X2+ x—2
X + |+t
X4 -2 )X FFax* -2 +2
%?ﬁ g%’e
/yﬁ 7
X~ T &o
—X +4

www.bluepelicanmath.com




Enrichment Topic L_teacher, page 7

Assignment: Resolve the following rational expressions into partial fractions.

Xx—-13 X+ 2
x-3)x+3) 2x%2 —x
1 3 2 5 2
case l, — S
x+ 2 x—3 casel' 2x—1 X
%2 15 —12x

3 x+1)2(x-1)

4. (x —2)2(2x —1)2

4 1
case 2, case 2, > )
1,3 1 (2x —1) (x — 2)
4(x—1) 4(x+1) 2(x+1)?
x%2— X +13 X2+ x -1

> x+1)(x%+ 4)

2(x —1)(x%2-x+1)

3 3 1-2x 3 1 1
case 3, case 3,
x+1 x%+4 2x—-1) x2-x+1
3x — X%2-2 x3-3x%—x+8
(x%2—x +2)? (x—2)2
case 4, divide first, then case 2
2xX 1

(x2—x +2)2 x2—x + 2

x+1+
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