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Enrichment Topic A &

(Analysis of absolute value inequalities)

In the following two examples, we show how to rewrite the problem
without using the absolute value symbols. From that point, the
problem can be solved by techniques with which we are already
familiar.

Example 1: |[4(x — 2)| < 3 When an absolute value is < or £ a number, create
two separate inequalities as follows and take the intersection (and) of the two
answers.

J(x-D>"3  and H(x2)<S3

YX-§ >3 #X-F< S
4x >=3+f Yx< 3+
4X >5 X<
XL A
S
x>5 T
S 7777 S
T 7

Answer

0——p
SG< X & W Codensectin )

Example 2: |3x + 2| = 3 When an absolute value is > or 2 a number, create two
separate inequalities as follows and take the union (or) of the two answers.

IxX +R = - or 3IX+2=3
3x = -3-4 3SX =3-2
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Assignment: In each problem, solve for the variable and draw the solution on a
number line.

1. |2t—3|<4

2. 2(0+2)—3|>5

3. |3[2(x—1)—x]| <5
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4, 12x—(x—1)| =11

5. 8> [x(2—7) + 2|

6. [4(1+m)| =22
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Enrichment Topic B &

(An application of linear inequality systems
in two variables ...Linear Programming)

Systems of linear equations in two variables can often represent real
life situations, especially in the business world. These inequalities are
known as “restrictions” and when graphed represent an appropriate
area for operation.

After a “shaded region” is produced and the corner points identified, a
function (often a profit function) of the two variables can be minimized
or maximized by evaluating the function at the corner points, and then
by inspection, demonstrating which is greatest or smallest. This process
is known as linear programming.

An example from the business world is shown on the next page. Linear
programming is used to solve it.
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Example:

A custom auto maker has the facilities to produce a total of 22 vehicles a month
(cars and trucks). Parts for the trucks cost $15,000 each and $10,000 for a car.
Due to tight credit, they can only borrow a total of $240,000 per month for parts.

The labor cost per truck is $2,000 and the labor for a car is $1,800. Labor costs are
restricted to only $75,000 per month; otherwise, it would be necessary to pay
overtime which would cut excessively into profit margins.

Create three inequalities from the above data using x as the number of cars and y
as the number of trucks. The assumption is made that x >0 and y > 0 since it
would make no sense to consider a negative number of cars or trucks. We need
not graph these two inequalities; just restrict all graphs to the first quadrant.

Assuming a profit of $3200 per car and $2300 per truck, what should be the
production of each per month in order to realize the greatest total profit?

Xty 298 —= y= -xr22

/0,000 X -f-ﬁam\j < 240,000 —}gs-.zx +b
(Fo0 X + 2,000 = 75000 —> y = - FK+3725

Use e 1‘;1%511’:}15 window Vvalues & preduce
s 5!“-@’6 . '

le e caloulatr b fod the inctieated
(n tersection potnt,

Bl Fi:tz Flot: I,._IIHI:II:II_LI
Y1 E-EY2E amln=H
R eE (230 E+1E amax=5H
] = R Lt AsC]1=50
W y= Ymin=H
wWE= Ymax=3H
“WE= Y=z 1=5
W= mres=1
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lse Lhe dﬂfmfaér % ?‘ﬂ!q‘f fhe :.Fw(:i:azzedf
intersection potn €.

Tttt Fanction ;

/A
7= 3a00X + ngj Intqriection >
Covner Pt P .'—_aé

(o, a) -_— O
(o, 16y —> 6700
(!PJ 4) — 6o fao
(ar,0) —> P, Y0
winner ! For max

Fmﬂ:; make 23 cars
v Ho 'é“&r&éﬁ’,
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Assignment:

1. A football team runs no more than 46 running and passing plays per game. The
coach insists on no more than 30% passing plays.

Let x be the number of runs per game and y be the number of passing plays.
Express the solution to the above system of inequalities as a shaded region on an
x-y coordinate system.

2. Assume for this particular team that a run results (on the average) in .12 points
on the score board while a pass results in .3 points. Examine the corner points of
the shaded region from problem 1 and determine the optimum number of runs
and passes so as to maximize the number of points earned by the team per game.
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Enrichment Topic C &

(Point-slope & Intercept forms of a line)

The equation of a line can be easily given if we have the slope, m, of the
line and a point, (x1, y1), on the line:

y—Yy1=m(x—x;) Point-slope form of a line

Example 1: What is the equation of a line (in point-slope form) having the same
slope as y = 3x — 5 and passing through (-12, 5)?
y=3%-5 (%, )= (-13,8)
m=73 -y, = m{X-%)
y-s=3(Xt+1a)

If the x-intercept, a, and y-intercept, b, of a line are known, then the
equation of the can be given by:

X
2 + % =1 Intercept form of a line

(Note that neither a nor b can be 0)

Example 2: What is the equation of a line in intercept form that passes through
the y-axis at (0, =5) and passing through the x-axis at (-4,0)?

(0,-5) 2 b=-5 (-4,00—>a~%

X y =
R~ /
X o+ 4 -
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Example 3: Expressy=4x-2in
intercept form.

g‘:ix-a

ARy = )

—4X 4. 4 =2
-2 a 4

2){#%-='[""~mu&t3d:

| here
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Example 4: Expressy—5=2(x +6) in
intercept form.

y-s=-ax e

QX +y = Rt S
—2x% +y= l'?**‘mmb{ia:&

| o LS

X,y 17 L
I77 7 7

pd Y -

(-15) i
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Assignment: In problems 1-4, find the equation (in point-slope form) of the line
with the given characteristics.

1. Passing through (3, —4) and parallel | 2. Having root —2 and slope 5/4.
to the line with equation x—y = 4.

3. Perpendiculartoy=(1/2)x and 4. Passing through the vertex of the
passing through (5, 6). parabola given by y = —2(x + 5)*— 6 and
having slope —7.

In problems 5-8, find the equation of the line (in intercept form) with the given
characteristics.

5. Having a root at 4 and intersecting 6. Passing through the points (5, 0) and
the y-axis 3 units below the origin. (0,-14).
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7. The line connecting the points at 8. Having y-intercept 3 and x-intercept
which y = (x + 11)* touches the xand y | 50.
axes.

. S Yy X 3
9. Aline has equation o 5C 1. *10. A line has equation e 73} =2.
What are the x and y-intercepts? What are the x and y-intercepts?
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11. Expressy =-8x+ 3 in intercept 12. Expressy+ 1 =2(x—9)in intercept
form. form.
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Enrichment Topic D &

(The summation operator, )

Consider the expression Y3_;(k? + 1).

Read this expression as, “The summation from k equal one to three of k
squared plus one.”

2 is the Greek letter, capital sigma.

Example 1: Expand and simplify Y3_,(k? + 1).

usele= | use k=2  use k=3

Z(mo (54N ¢ (94D + (+D)

= |2 + s + wo|= W7

Example 2: Expand and simplify Y8 _, x{y®~

b

' -k
Z“j *x‘?ﬂéa'f}(qﬁqu +3€"’“5"
- lo
L=3 xq+1q3 -I*Hﬁf_j"!'x (:I

il
-
LE4]
L]
+
o4
:.E;_t
O
+
oy
o
c
-
>
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Assignment:

1. Expand and simplify Y3 _,(3m? — 2).

2. Expand and simplify Y3__;(p + 1).

k-3

3. Expand and simplify it 4 (E)
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4. Expand and simplify Yo_5 x?t1y672,

5. Expand and simplify 21-5=2 7e~*1. Express the final answer with all positive
exponents.
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Enrichment Topic E &

(An unusual look at probability)

Consider the two probability spinners shown here. We are interested in when the
spinners stop on the red sections. The probability of getting a red with the four-
segment spinner is 1/4 since there are four different colored | # 1
segments but only one that is red. Similarly, the five-segment '
spinner’s probability of coming up red is 1/5.

gz The problem we are to solve here is to
find the probability of getting at least one
red when considering both spinners
simultaneously.

| mum

Experimental determination:

With two students operating the spinners, have them spin
both devices while the third records a tally on the board of both the total number
of trials and the number of successes. Emphasize that a success could either be
just one red or both red.

Do at least 20 trials and more if time permits. Make sure the students understand
that the greater the number of trials done, the closer will be the agreement of
this experimental probability (successes/trials) with the theoretical probability.

Trials Successes
T M M N

Theoretical determination:

Begin with a discussion and emphasis on the fact that the sum of the probabilities
of all possibilities is one. This may be a new concept to students, so make sure
they understand since it is at the very heart of this lab.

As an example, students might relate to a weather prediction of 75 % rain.

Of course, this means a 25% chance of no rain. Point out that these two
probabilities add to 100% which is equivalent to a probability of one.
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With regard to getting a red with the two spinners, all possible probabilities are:

Py = probability of no reds
P, = probability of exactly one red
P, = probability of two reds

Expressing the sum of these probabilities, we get the fundamental equation with
which we will solve our problem:

P0+P1+P2=1

At this point it is important for the students to realize that the probability we
want (the probability of getting at least one red) is the probability of getting
exactly one red plus the probability of getting two reds. This can be expressed
as:

P, +P,

Rewrite the “sum” equation, isolate these two terms in parenthesis, and then
subtract P, from both sides:

P0+(P1+P2)=1
(P1+P3)=1-Pg

Instead of finding two probabilities (P; & P,) and adding them, we have the easier
task of finding P, and subtracting it from 1:

Py = (prob of no red on spinners) X (prob of no red on spinner,)

_#ofnonreds ,, #of nonreds

Po =
5 spaces 4 spaces
4 3 12
Po = - X = ==
5 4 20

Finally, the solution is:

PL+P2=1—-Py=1-—=—=2= 4
20 20 5
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Assignment:

Suppose in addition to the 4 and 5 color spinners, we additionally have a 6 color
spinner that also has just one red section. Spinning all three simultaneously, what
would be the probability of at least one red?

www.bluepelicanmath.com
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Enrichment Topic F &
(Rotations)

Example 1: Consider the point (0, 5) being rotated 90° ccw about the origin. Plot
the original point and its new rotated position. What are the new coordinates?

b £

¥
| T

:
™

Example 2: Consider the triangle with vertices (0, 5), (5, 0), and (-5, 0) rotated 90°
cw about the origin. Draw the original triangle and the new rotated version.

A point given by (x, y) can be rotated about the origin by an angle 8 to a
new location (x’, y’) given by the rotation formulas (read x’ as “x
prime”):

’

X' = x cos(B) —y sin(B) where 6 is the rotation angle (positive, ccw)

]

y' = xsin(B) +y cos(6)

Example 3: Produce the answer to Example 1 using the rotation formulas.
l‘:ﬂ&f} = (p‘r—‘ ) & =90 g

X'z ey - f4u0 = ﬂu;i?o} r—%’ﬂ; o - r-{ )

&= wvnuqawms*a-ﬂyﬂhfcaﬂa =o+0 =)
Xyl = 50
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Assignment:

1. Plot the point (—4, 0) and plot again after manually rotating 270° cw. What are
the coordinates of the new point?

2. Produce the answer to problem 1 using the rotation formulas.

3. Draw a square with vertices (2,2), (—=2,2), (=2, =2), (2, =2). Then draw this same
square after it has been rotated 45° ccw about the origin.

4. Draw a square centered at the origin and with diagonals (of length 2) on the
two axes. Then draw this same square after being rotated 45° cw about the origin.
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5. From problem 4, determine the new location of the original bottom vertex
using the rotation formulas.

6. Draw a square with vertices (=2, 2), (—4, 2), (=4, 0), (=2, 0). Then draw the
same square after manually being rotated about the origin 180° ccw.

www.bluepelicanmath.com
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Enrichment Topic G &

(Absolute value parent function)

The parent function y = | x| graphs as follows: (Verify by substituting in
x=0,1,-1,2,-2,3, -3, etc.)

mr-—ﬂlﬂ"

PP —-we —UIJ

-1
-1
> X -3

The following examples involve graphing absolute value on a graphing
calculator. See Calculator Appendix D and a related video for details on
graphing absolute value functions.

Example 1: Simultaneously graph both y = |x| and y =—|x]| on a graphing
calculator. Make a sketch of the display, labeling each function. What is the
general effect of multiplying the parent function by —17?

Y
=~ y= I %\

X

.

—y==|x|

Example 2: Simultaneously graph bothy = |x| andy=2|x| on a graphing
calculator. Make a sketch of the display, labeling each function. What is the
general effect of multiplying the parent function by 2°?

.«k‘_’; 4..--—-—*3:91*\

_y
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Example 3: Simultaneously graph bothy = [x| andy= |x+4]| on a graphing
calculator. Make a sketch of the display, labeling each function. What is the
general effect of replacing x in the original parent function with ?

1

= | %
y= | ) -

7 X

Example 4: Simultaneously graph bothy = |x| andy = |x| + 3 on a graphing
calculator. Make a sketch of the display, labeling each function. What is the

general effect of adding 3 to the original parent function?

Example 5: One at a time and starting with the original parent function, y = |x]|,
perform the transformations to produce a sketch of the final transformed
function, y=-2|x + 4|+ 3. (Do in the sequence stretch, reflect, translate.)

O P :ixl @ =alxl ®
\/Ba-x : X

™

X
>

A ﬂj
D a9

S X

[\ |y=-alweales”

www.bluepelicanmath.com
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Example 6: Describe the transformations performed on the original parent
function that produces y=f(x)=-7|x+5]| —6.

Feflection across the X-ak.s
\ertical otreteh factor of 7.
Fanslale Y S un'ts.
Translate dowwn & unlts.
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Assignment: For each of problems 1-6, sketch and label the transformed
function along with the original parent function:

1. y=|x| -2 2. f(x)=[x| +4
3. y=—|x| 4. y=.4|x|
5. g(x) = |x+4]| 6. y=|x—5]

www.bluepelicanmath.com
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For each of problems 7-9, sketch the original parent function. Then graph one
transformation at a time (in the sequence: stretch, reflect, translate) until the
final transformed function is sketched. Label each sketch.

7. y=3|x-4|+6

8. f(x)=—|x+6]| +2

9. m(x)=-8|x]| -2

www.bluepelicanmath.com
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In problems 10-13, describe the transformations on the original parent function
that would produce the given function:

10. g(x) =-10|x+ 7|

11. y=.4|x-11]| +2

12. y=—|x| +6

13. g(x)=|x+4|-16

14. Give the function that matches the graph of this absolute value function.

www.bluepelicanmath.com



Enrichment Topic H_absent-student, page 1

Enrichment Topic H &

(Dimension changes affecting
perimeter, area, and volume)

Draw a three dimensional rectangular solid and label its dimensions
with L, W, & H. Write the formula for area of the front face, the
perimeter of the base, and its volume.

Fer = Qw+ AL
S Area= wH
race 1 7 Volume = Wi H
W

Draw another three dimensional rectangular solid and label its
dimensions as twice that of the previous rectangular solid. Write the
formula for the area of the front face, the perimeter of the base, and its

volume.
2H Tor = 4w + Y = Hawsar)
Area - dwaH = 4lwL)
\Volume = W L K = BEWLH)

o

M

From the examples above we conclude that multiplying the dimensions
by 2 ...

e multiplies the perimeter by 2

e multiplies the area by 2°=4
e Multiplies the volume by 2°=38
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Generally, if the dimensions are multiplied by n:

e the perimeter is multiplied by n

e the areais multiplied by n’
e the volume is multiplied by n’

Example 1: A pyramid’s volume is 36.
What would be its new volume if all its
dimensions are four times as large?

V= 86 (D?
= | 9304

Example 2: A cylindrical tank is 20 m
high and 12m in diameter. A new
design enlarges all the dimensions by a
factor of 2.7. What would be the area
of the circular top of the new design?

ol Area.= T [—f,i)"
= 7 36 2
New Area = {36?"') 2.7)

= [809479m3/

Example 3: What would be the new
volume of the tank described in
Example 27?

Ol vol- = T6* 20- 207
Naw vol= 720 (A7)

= ///1{, 53/. B?M‘S/

Example 4: If the original pyramid of
Example 1 had a base whose perimeter
was 13, what would be its new
perimeter?

5(4) /53]
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Example 5: A rectangular solid has a volume of 200cm?®. What would be its new
volume if the dimensions were all divided by a factor of 5?

é’mcp_ {'A;ﬁ‘ (s d,s‘ﬁnné‘aﬁe, z%c&r) dab’nde
ﬁy 53

‘900 [4@«/

www.bluepelicanmath.com



Assignment:

1. A rectangle has dimensions L X W.
What would be its new perimeter if
both dimensions are quadrupled?

Enrichment Topic H_absent-student, page 4

2. Arectangle has dimensions LX W.
What would be its new area if both
dimensions are now twice as long?

3. Asphere has a diameter given by d.
If the sphere is enlarged so that its new
diameter is 4.2d, how much larger is
the new surface area as compared to
the old surface area?

4. A sphere has a diameter given by d.
If the sphere is enlarged so that its new
diameter is 4.2d, how much larger is
the new volume as compared to the old
volume?

5. A sphere has a diameter given by d.
If the sphere is shrunk so that its new
diameter is .5d, how much smaller is
the new surface area as compared to
the old surface area?

6. A sphere has a diameter given by d.
If the sphere is shrunk so that its new
diameter is .5d, how much smaller is
the new volume as compared to the old
volume?
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7. The perimeter of a city is p. If acity | 8. If the price of a rectangular parcel of

with a similar shape has twice the land is $50,000, what should be the
perimeter, how much larger is the area | price of parcel of land in the same

of the larger city as compared to the neighborhood if its dimensions are half
smaller city? as much as the larger one?

*9. A cube has dimensions x. By what factor is the volume of a new rectangular
solid larger if the original cube retains all of its dimensions except its height,
which is multiplied by a factor of 3?

www.bluepelicanmath.com
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Enrichment Topic | &

(Algebraic solution to three equations in three variables)

Consider the three dimensional
equation 3x —4y + 6z = 12. What rz
would this look like if graphed in
three dimensions? Most would
guess a line. Actually, it’s a plane.

Find the three axis intercepts by
setting the other two variables to
0.

Now what if we have a system of such equations as follows? What is
the meaning of the solution to this system? It’s the intersection point
of the three planes.

X—3y—-2z= 9 This system can be solved by using Cramer’s rule
3x+2y+6z2=20 (determinants) or with an inverse matrix. In the
4x — y+3z2=25 example below, we will demonstrate an algebraic

technique.

Example 1:

E/iminate &= from 1a)i Flevent pasts

04-—3(; —2.&)3 =¢S3 —— 3 X --‘3’; —éé =25

3x tay+éz :za—.‘FBI"‘*E‘;}h’-é? = 20
éZ*?J = 47

FX+RyrbE =qp—= 3K 47\01,4-6 =20

_ - =40
» _ = :if{'l)—r—é’?x‘f + 2 é/é =
AU =g #3 ‘ _ﬂﬂt‘g{f =-30
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Example 1 (continued):

— 5 A+RY=-20 ex =79 =¥
—5Y = 4y 3P 14) =]y =47
8 j«‘::gw 'ﬁy | ‘7{ = 47
;(:%(;}“z+é gt
1 : Ty = -3
¥y == \%?*‘f‘;? = w2
~3y —dE = ~ L = /]
1 m.}‘?’—g:]ﬁi%?/ 3 -|-5
—2g = ~l=2 +9
= | &
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Assignment: Solve the following systems for the three variables.

1. x-y+z =12
X+y+z ==-2
X+2y+3z=-3
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2. 2x+3y+ z= 1

—X+4y+2z= 15
X =2y —z=-10

www.bluepelicanmath.com
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Enrichment Topic J &

(Algebraic solution to quadratic systems of equations)

Consider the solution to the following system:

o=y =4 .. a hyperbola
x> —4x +y* = 0.... a circle

In general, a hyperbola and circle could intersect in five ways (0, 1, 2, 3,
or 4 pts)... the 3 pt picture is not shown. Can you draw it?

prQEP TP Qb Le

Example 1: Solve the system above.

A
kz_q}_/ﬁ;fi:ﬂ
1y yy -4 =0 e ey -2 =0
L = - -bht ) b3 doc
3‘;‘1'JX1—-'1L (x- Kﬂ

3:1;1)?.?32?-4 Y= +AT J4 -4 0f2)

W)
ys +H. g6
(—.z*;-}: 1-3'6) L= :t:.j;z
ol2.732,-1-Fé
X =9, 932 ch/‘;ﬁ
peyeet ﬁae:nu:ﬂwﬁ

Y J ves
Jubstifeted o Jens
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Assignment: Solve for the intersection points.

1. x—3y=-—5
x2+y2= 25

www.bluepelicanmath.com
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2. X’ +4y* =16
X2+ y2= 9
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3. X +y’ =4
x2—2y+y2=0

www.bluepelicanmath.com
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Enrichment Topic K &

(Derivation of the Sine Law)

Consider the following two triangles in which a perpendicular has been
dropped from vertex B to side AC. The reason we consider two
triangles is so that we cover both cases: when the perpendicular falls
inside the triangle and when it falls outside.

A D C D A C

— b _— g b -

From either figure above, solve for h from triangle BCD in terms of a
and C:

SinA = g— - fZ:C—S-*-ﬁA

J

Using either triangle ABD from the left figure or triangle ABD from the
right figure, solve for h in terms of c and A (Notice in the right picture,
angle DAB and angle CAB have the same sine.):

SinC = g— ;5 h=asinC

Set the two equations for h equal to each other:

Ao Law
a Sl = ¢ SsnhA : jiiel L
< ae oMl _ SinA
= « c_ a
in A in B inC in B
Similarly, it can be proved that 512 2512 and Slrcl = 512
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Enrichment Topic L &

(Derivation of the Cosine Law)

Consider triangle ABC in which a perpendicular is dropped from B to the
line described by opposite side. The left drawing below is when this
perpendicular falls inside the triangle and the right picture shows it
falling outside the triangle. Both scenarios will be considered in this
derivation.

Applying the Pythagorean theorem to either right triangle, we get:

(1) > =A>+ DA

Solve for h from either right triangle and get:

2) h=as«wsxl

Solve for DA in terms of a, b, and C

(3) = b-a fﬂpﬂug‘fri& ca_;(’; 'S xg o
7]

cohich vmaltes -mf:s Let

Now substitute equations (2) and (3) into equation (1) and get:
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2 A
c*=(asinC)*® + (b-acec)
~a* s 4 b*—2ab cnC +a”ced™C

—arlilc+ces’c)+ b —aabeosC

1\______....‘,-,—-"—"-—-’

[C-z':': a* + b -=rabcosC

Cosie Jau
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Enrichment Topic M &

(Tangent composite function derivations)

in(A+B
Derivation 1: Begin with tan(A + B) = sin ) and derive:
cos(A+B)
tan(A + B) = tanA+tanB
a " 1-tanA tanB

Pt = sl 4B) | SimAcedl Fsuipee
e i B}— Cﬂ&(ﬁ"’%- ¢”5A¢M'5:‘Hﬁ.§f'u_e

[
SHA B 5w Bedl  oid a3
CeosAcauB ~Ai ASIE '

coih cotf}
sinAcotB | GmB
(s A 3 * mﬁfs
-’-'Mf::ﬂ 5#1}45;'!4';

celAAedB  coshcil
5;!{!4 .
e r:.aﬁE + oS
] — Swuh B
e cosf3

Zauwll + toud
/"'*'Z"a.qffl ﬂ'ﬁ.ua

i

V]
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tanA+tanB

Derivation 2: Begin with tan(A + B) = and derive:
1—tanA tanB
2tanA
tan(2A) = T tanZA

B)— Tauh +tanl st p=/
Z’LM@*) | — o Faul ¢

/= tou A tawft

e A
Lan A) = }ifaﬂf’q

c'J:M{I:l'f'A):

. . ] . . _ sin(4/2) .
Derivation 3: Begin with tan(A/2) = cos(A/2) and derive:
sinA
tan(A/2) " 1+cosA

— ST Al
boult) = Cos(Hz) Heos(A/R

_ As<Lla) cotlirr] < 5AGHYA)

= T st (AR = sk
Len™© ~/= ¢

— | s A
— R cado = coqrB+)
= CoA+| "
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Enrichment Topic N &

Locating the vertex
of a standard-form parabola

A guadratic function (parabola) (Ef: 'ﬁibrﬂkz-f'é’l' +C
in standard-form is:

A 'y oF
| AaXis

Suppose the parabola looks like P Uty

this where it crosses the x-axis in \ : _

|

two places: f{\%ﬁ, >
vertex

Notice that the axis of symmetry is halfway between the two roots and
that the vertex lies on this line.

From the quadratic formula, the two roots are given by:

—b+Vb2—-4ac —b—-Vb2—-4ac
== and r; = 23

To find the x-value halfway between these two roots, simply average

them.
% _ Nty _ é’b +J.h1—#a¢ya_q -+ ("Lj? -Jb’—,#q 29
avg = =3
_ b+ i62=nac — b - JE2<lac
2.3

3

.
—Zb _—
= %2 =[=a
-b

Therefore, the x coordinate of the vertex is x = 2a
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To find the y coordinate of the vertex, simply evaluate the quadratic
function at —b/(2a):

g=F(=a)

The coordinates of the vertex are: (_—b, f (_—b))
2a 2a

The y-intercept of the parabola in standard-form is easily found by
setting x = 0 and solving for y.
—a ™ bx +c ¥ =0
g =a@)™t bl
Y= Cles— §iutereeA
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Enrichment Topic O &

(Algebraic manipulation of
inverse trig functions)

It must be remembered that all inverse trig functions are angles. For
example, when we see something like Cos™'(x), it’s a good idea to set it

equal to an angle:
Cos '(x) =8

Example 1: Find the value of sin( Cos *(x) )

sin (co5™) S e
. z___
=5/ (8) 5;1131;9519:! /fgan
— l]f-xa- Xﬁ;ue: J;-—c_c5@
Sine= J7-K*F

Example 2: Find the value of sin(Sin™(x) )

Sin o 5;1{"? "yudp?Cach othen
Sg +he answet 15 |X

Example 3: Find the value of Sin”'( sin(d) )

5!'1_’ - sin " ondo” Sack otkel,

i
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Example 4: tan( 2Sin"*(u))

Lon (151'1_:7‘;#.!:)_)__________,& — sm~)
—_Z'M('k &) LE s/ nio)
2 Zau & siyre +cose=/
[ — tam™& cosd= V/-SiN®
i = J/-0*
= A Vo= / P
7 t%ﬁ: SIS
I- (== co58
. S =
_- :'.LJ i;__u?- rM !*L}
B

Example 5: Express Sin"(p) — Cos }(p) as an inverse tangent.

5f'n‘@)—-C‘as"(PB o= sin”p

= Jan'l(tem(o= #2) P o ST
_ -l(_fﬂﬂlﬂ""-{m@ _sme_ £
= [0 Tt tane tad LanO= 53~ V=

NI JI=p* -)
= ma.l J=pr lt:""IEJ P= L6 6’;)
)+ i VLS = cosg
=A% " p SiInrP+ ces*P=/

e R 2 e
=P apdi=p
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Example 6: Prove Arcsin(x) =m/2 —Arccos(x)
Sinlfe) = T -Ces™(Y) o= S

& = X —Cos (2 F\E; /)
& = L-_ Cos'(5/18)
bot sind = cos(M% &)
e = & - Cns_!(cﬁ-(%"ﬁj)
&= % - ('Wz -&)
&= T —TA+O
& < e
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Assignment: Evaluate the given expression. Both u and v are positive numbers.

1. sin(Sin™(3/19)) 2. Tan™'(tan(32°))
3. csc( Arccos(—3/5) ) 4. cos( Arccos(u) + Arccos(v) )
5. cos( .5(Arccos(-u))) 6. cot( Arccot(v))
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In the following problems, assume that O is a positive acute angle. Find the
inverse function value.

7. Arccos( sin(-9)) 8. Arcsin(—sin(—8) )

In the following two problems, express each sum or difference as a single angle.

9. Arcsin(3/5) + Arccos(3/5) 10. Arcsin(5/13) — Arcsin(3/5)
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Enrichment Topic P &

(Logarithm theorem derivations)

The following three theorems are derived in this topic:

e |log,(PQ) =logyP + log,Q
e log,(P/Q) =log,P - log,Q
e log,P" =nlogyP

All three derivation begin with the premise that both P and Q can be
written as powers of the base b:

(1) P=b" and Q=b’
Each of these two equations can equivalently be written in log form:

(2) x=logs(P) and y=logy(Q)

Derivation of log,(PQ) = log,P + log,Q:
Begin by writing the logy, of the product PQ. Then replace P and Q
with the corresponding expressions in (1) above.

03)f&) = B, F b')
- L6
- Efj‘f i % s whstvi
= 5(76 £+ b6 Frome2) Jé&’b’fp

www.bluepelicanmath.com




Enrichment Topic P_absent-student, page 2

Derivation of log,(P/Q) = log,P - log,Q:

Begin by writing the log, of the quotient P/Q. Then replace P and
Q with the corresponding expressions in (1) above.

(P/& = Liso (b 9 )
’Q?b g(bfb—j) %ﬁ& é"J

- "%ﬂb;"‘é’% Euésfﬁﬁr

M2\

Derivation of logp(P") = n log,P:

Begin by writing the logy, of the quotient P". Then replace P with
the corresponding expression in (1) above.

bgf£7) = Log, (67
- e 1)
= N.Ly

S uhstitiing FroMm
4" bF Q\ a be Uerzf
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Enrichment Topic Q &

(Arithmetic and geometric
sum formulas)

Arithmetic sum, S, =(n/2)(a; + a,):

Consider the arithmeticsum3+5+7+9+11+13+ 15+ 17.
23 o5 + 7 fg+ﬂ~wafz5’f /7

= =i

Notice ¢ here a € B zhnmd _’%::%: ‘.‘?(/ddrlp‘5+
/ ke add 1o @A =3 417= PO, The § oW IS
H(20) =80 = Sg= %(31‘!? —*51-3’--@;?‘&1:)

N=F was evyen +for f&f_};jyaéfpm +he Formile
st works wheu 1 /s o

Finite geometric sum, S,=ai(1-r")/(1-r), whererz1

Begin by expanding a geometric series, call it S,. Produce a new
series (from a, = ar"™) by multiplying the original by —r, call it —rS,,.
Add the two equations and solve for S, as follows:

51261; +a,/+q.r‘+ q,//éf ...-,«-qlr"‘“ f:a";f"
DA AR A/ AR SN
Gy =15 = Q) ="
s/rN=all-" )

I_ _C?m(/"'f% .r‘”)

b
.I..
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Infinite geometric sum, S..=a;/(1-r), where |r| < 1:

Begin with S, =a1(1—r")/(1—r) and find the limit as n—>oe.

0
L a, 12227 -

o =0 caul

Seen as ﬁﬂam
~ la_ Somase ="
- 1/- z_*.afﬂw A dore

iger + /abrger

WYY
s
féfﬁfaufwfr} Feud touatd
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Enrichment Topic R &

Converting general form
conic sections to standard form
(Completing the square)

In the following examples, convert the given general form conic section
into its standard form, identify the conic section, make a sketch of its

graph, and label completely.

Example 1: x*+10x +8y—7=0

X eiox ey =2 18)"=as
=B 425

X HID X + 2§ +$y

(r+5) 4y = 22 [parebold] 4y yze
Fg= -~ +5) 32 C24) directtix
F:: "é’(k-ﬁf‘)}-ﬂﬁ o2)
’ & f— :1
b = C5 B Ve : N e
Tf%.'; — -—sz 5 P: -
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Example 2: 3x* +3y> —6x + 24y + 24 =0

Kl ¥ +51+3Ly =6-& /b
- {;(;)

(3(-—1)1+§4#)‘:? citefe (Y
(kY =(l,-#) cexter
r*--ﬂ A
= 3 radtur; < ﬂ,-—#tj
=3
Example 3: 3x* +2y* —8y + 24x+32=0
e
o Z 7 Z
x*+8x +%4 _.:f. :—_3__.£ ;éﬂj — )b
x"-+€x+féﬁ’-‘- .._g_ = - -Héﬁ"/
At Rt - %‘f(%)”éjf /
3(1“»‘,__1 + 9" —#j = & jlﬁlT
- =
Y R
&+ ‘!L} 4,(3-—1) = f2 {Bw?__%ﬂj

ﬁ%ﬁ. +§‘;if:§- =/ ellife lfl:mf{"*?‘)

b=1\}5_ Q»“-lﬁ C:‘-’jq?"ﬁ,' -
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Example 4: 4y>—x*+2x+24y +19=0

—Gyr X —RY — 2R Y =/9 _,("%) ey
_z;JL+x*-ax+i'—'1¥7 =17+

_4j=-.~a.uj4gz—f}" =a90

S b R

grréy S = s t)=7
3%&&%3:'—@:*5'4 1

Y+3)*— E;";LE = 4 A symptote
G35 i = | pyperbol §3=-2 (%Y

c::rt'f’f'f‘@-' =3)
a =1 b=4
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Assignment: In the following problems, convert the given general form conic

section into its standard form, identify the conic section, make a sketch of its
graph, and label completely.

1. 9%+ 25y*+36x— 150y + 36 =0
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2. y2—4x—8y+28=0
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3. x> +y?—2x+2y—-23=0
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4, x> +4y*—10x— 40y +121 =0
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5. 4y*— 16y —9x* — 36x— 164 =0
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6. X’ +4x—8y+12=0
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7. 25x* —4y* + 16y — 116 = 0
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8. x*+y’+14x+45=0
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Enrichment Topic S &

(Conic Section Applications)

Applications of the four conic sections are beautifully illustrated at:
http://britton.disted.camosun.bc.ca/jbconics.htm

Applications of the circle:

No applications are given for this obvious category
since they abound in everyday life.

Applications of the parabola:

e Some comets pass around the sun in a parabolic path.

e Projectiles follow a parabolic path (a tossed ball).

e The mirrors in flashlights and reflecting telescopes
are parabolic in shape.

e The cables of a suspension bridge hang in the shape
of a parabola

Applications of the ellipse:

e Planets orbit about the sun in an elliptical path with
the sun at one of the foci. ‘
e Light passing through one focal point will reflect off é)

the parabola and pass through the other focal point. ‘\)
The same thing happens with sound as evidenced in |

“whispering galleries”.
e Aright circular cylinder sliced at an angle produces an ellipse
e Elliptical gears provide variable rotational speed about an axis
passing through a focal point.

www.bluepelicanmath.com


http://britton.disted.camosun.bc.ca/jbconics.htm

Enrichment Topic S_absent-student, page 2

Applications of the hyperbola:

path.

Charged particles fired at heavy nuclei of atoms are
deflected into a hyperbolic path.

Hyperbolic tracking (a navigational technique called
Loran) uses intersecting hyperbolas to locate the positions of
airplanes and ships.

The shock wave of a sonic boom intersects the ground in the
shape of a hyperbola.

Hyperbolic as well as parabolic mirrors and lenses are used in
systems of telescopes.

Some comets pass around the sun in a hyperbolic ‘

See www.youtube.com/watch?v=XDLyiEWcj_Y for a humorous video
about the applications of conic sections.
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Enrichment Topic T &

A Close Look at Composite Functions
(Restrictions on the Domain)

Typical syntax for a composite function is f ( g(x) ) or, equivalently,
(f e g)(x).

Example 1: If f(x) = 3x* + 2x - 1 and g(x) = 12x — 3, find f( g(x) ).
To do this, replace each x in f(x) with 12x - 3.
Foe))= 2 (rax-5) +2 (2x-3)~!
= 3mu xt-72x +9) FRAX =6~

— 433 X*—q) AT FAHU T

H3ax%—/92x +20

J

Composite functions are not as exotic or contrived as one might think.

For example, consider the amount of fun f a person might have at a
birthday party as a function of the number of games played g. The
functional relationship is expressed as f(g). The number of games g is,
in turn, a function of the planning x spent on the party.

This means that the amount of fun fis ultimately a function of the
amount of planning x. This is expressed as the composite function,

flalx)).

Notice that the range of g(x) becomes the domain of f(x). Think of the
output of g(x) as being the input for f(x).
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General rules for determining the domain of a composite function,

f(g(x)) = (fo g)(x):

The domain of f must be a subset of the domain of g, and the
domain of the composite function must include only those x values
for which g maps into the domain of f. This leads to the following
methodical method of finding the domain of the composite function

f(g(x)) = (fog)(x):

e Find the domain of the “inner” function g(x).
e Find the domain of the composition.
e Find the intersection of these two domains.

In determining domain, it is sometimes easier to think of what must be
excluded from the domain. The following should always be excluded:

e Values of x that cause a denominator to be zero
e Values of x that cause an even root to be taken of a negative
number

There are, of course, other cases such as values that cause trig
functions to be undefined, etc.

Example 2: Find the composite function f(g(x)) = (f o g)(x) where f(x) = Vx and
g(x) = x—2 and then specify its domain.

flq®)) = TF I = [Jx=
Domain. For g6 Al real X

Domaion Fo SR 7 XA

D Tx

-

]

2 ot
P FLEN
- >

y |

D: ¥x>22
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Example 3: Find the composite function f( g(x) ) = (f o g)(x) where f(x) = ﬁ
and g(x) = XZ_—X3 and then specify its domain.
=2 x-J X3
'F(j(z)> J —4—& V-3 :J 2 x+2 (K- -3) = Hx— 6
Do meain -Fow 9.@¢) X 73
Dernain Tor compori?e — < —
LU—6 # DO pa 3;,2 3 z
4 YZeé “ >
7¢¢6/5(#3/2 L: /;}ﬂire;z/zexc@vf

Example 4: : Find the composite function f( g(x) ) = (fo g)(x) where f(x) =vx — 1

1
and g(x) = —1 and then specify its domain.

Flae)= Jo> - = [z =
fm/‘

Donain For gbey ~r X #/

r coupost €
Dgﬁ.]ﬁ&;wjifﬁﬂj /¢ to detetmine w—rL.Q.)s.O . _.; >0
Jf'@_'j It:.! o
< T}i i‘ﬂ.}g ’
NN ,
o ) L7y "
e o 1 7 Y
o0—e
D: 14X %2
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Example 5: Determine two functions f(x) and g(x) which, when composed,
generate f( g(x) ) = (5x + 2)*> — 3(5x + 2) — 11.

Foy = |[x°=3% -/
3&[): 5 X4+2

Example 6: If the function f(x) is known to have a root at x = 19, to what x value
will that root be moved with the composition f( g(x) ) where g(x) = 6x —9?

L)z 0 whanx =19 F36y= f(62-7)
5D g€ MU SE f‘CiuiV‘e +hat
éxX-7=19
ex=)7+19

g x= RE
=20/t = |[/40
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Assignment:

1. If f(x) = 3x* + 2x - 1 and g(x) = 12x — 3, find g( f(x) ).

2. Find the composite function g( f(x) ) = (g © f)(x) where f(x) = vx and g(x) = x — 2
and then specify its domain.
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1
3. Find the composite function g( f(x) ) = (g o f)(x) where f(x) = ,E and

X
g(x) = 3 and then specify its domain.

4. Find the composite function f( g(x) ) = (f o g)(x) where g(x) = Vx — 4 and f(x)

= and then specify its domain.
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5. Determine two functions f(x) and g(x) which, when composed, generate

f(g(x)) =4 (V7x — 2)* - 8(v7x — 2) - 22.

6. If the function h(x) is known to have a root at x = -1, to what x value will that
root be moved with the composition h( p(x) ) where p(x) =x + 6?

7. Find f o g where f(x) = 11x* and g(x) = Vx. What is the domain of this composite
function?
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8. Find g o f where f(x) = 11x* and g(x) = Vx. What is the domain of this composite
function?

9. Find fo f where f(x) = vx + 1. What is the domain of this composite function?
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